Standard data analysis on the VESUVIO spectrometer at ISIS is carried out within the Impulse Approximation framework, making use of the West scaling variable y. The experiments are performed using the time-of-flight technique with the detectors positioned at constant scattering angles. Line shape analysis is routinely performed in the y-scaling framework, using two different (and equivalent) approaches: (1) fitting the parameters of the recoil peaks directly to fixed-angle time-of-flight spectra; (2) transforming the time-of-flight spectra into fixed-angle y spectra, referred to as the Neutron Compton Profiles, and then fitting the line shape parameters. The present work shows that scattering signals from different fixed-angle detectors can be collected and rebinned to obtain Neutron Compton Profiles at constant wave vector transfer, q, allowing for a suitable interpretation of data in terms of the dynamical structure factor, Sðq; oÞ. The current limits of applicability of such a procedure are discussed in terms of the available q-range and relative uncertainties for the VESUVIO experimental set up and of the main approximations involved.
Introduction
Studies of momentum distribution in condensed matter systems provide an insight into single-particle dynamical properties, probing single-particle potentials and wave functions, allowing in several cases a determination of the Born-Oppenhimer potential [1] . Deep Inelastic Neutron Scattering (DINS) is a unique technique to probe the short-scale (time and distance) dynamics, measuring the single-particle momentum distribution nðpÞ and mean kinetic energy, hE K i [1, 2] . The VESUVIO spectrometer, at the ISIS spallation neutron source, has been specifically designed for DINS measurements in a wide kinematical space: 1 eVo_oo 30 eV and 20Å À1 oqo600Å À1 [3, 4] . Measurements of momentum distribution and mean kinetic energy have been carried out on a variety of systems ranging from 4 He in bulk and confined geometries [5, 6] , liquid 3 He- 4 He mixtures [7] , water in confined geometries [8, 9] , protein hydration shells [10] , proton conducting systems [11] , amorphous systems and strong H-bonds [12, 13] . At the same time, a strong research and development activity is carried out for eV energy analysis [14] , detection systems [15] and for the accurate determination of the spectrometer's resolution [16] .
In the present work, it is shown that signals from several fixedangle detectors can be collected and rebinned to obtain Neutron Compton Profiles at constant wave vector transfer, q. An application to the case of proton momentum distribution measurements will be discussed in detail. This has the advantage that the experimental response function at constant q depends only on the magnitude of the chosen q and not on the particular (y; qðyÞ) kinematic path of the particular fixed-angle detector. Moreover, an interpretation of data in terms of the dynamical structure factor, Sðq; oÞ, can be carried out for a suitable comparison with theoretical models.
DINS fundamentals
In the DINS regime, the scattering is well described within the framework of the Impulse Approximation (IA), which is exact in the limit of infinite momentum transfer [1, 2] . This assumes that a single particle of the system, struck by the scattering probe, recoils freely from the collision, with inter-particle interaction in the final state being negligible (i.e., the wave function of the particle in its final state is a plane wave). Under these conditions, applying the momentum and energy conservation laws, the energy, _o, and momentum, _q, transfers are related by where M and p are the mass and the momentum of struck particle before collision, while p n and p 0 n are the momenta of the incident and scattered neutron (i.e., p n À p 0 n ¼ _q), respectively. Thus, the energy distribution of the scattered neutrons is directly related to the distribution of particle momenta parallel to the wave vector transfer. Within the framework of the IA, the dynamical structure factor is described by
ARTICLE IN PRESS
where nðpÞ is the atomic momentum distribution and _o r is the recoil energy:
The physical implication of Eq. (2.2) is that scattering occurs between the neutron and a single particle with conservation of kinetic energy and momentum of the particle þ neutron system, as introduced in Eq. (2.1).
If the IA is valid, the two dynamic variables o and q can be explicitly coupled through the definition of the West scaling variable y as [2] Jðy;qÞ is the Neutron Compton Profile and is formally the Radon transform of the momentum distribution. The quantityq is a unit vector, as Jðy;qÞ no longer depends on the magnitude of q. The function Jðy;qÞ dy represents the probability for an atom to have a momentum parallel toq of a magnitude between _y and _ðy þ dyÞ.
In an isotropic system, the directionq is immaterial and Eq. (2.6) becomes
pnðpÞ dp.
(2.7)
The deviations from the IA which occur at finite q are generally referred to as Final State Effects (FSE). FSE are due to the localization of the struck atom in its final state, by surrounding atoms. These make the momentum in the final state uncertain and since the dynamic structure factor, in Eq. (2.2), is determined by Fourier transform of the product of initial and final state wave functions, the momentum in the initial state is also uncertain. The overall effect is a broadening of the observed JðyÞ, which is similar to that introduced by an instrumental resolution effect. When FSE are present, the Neutron Compton Profile becomes q dependent, i.e., JðyÞ needs to be replaced by Jðy; qÞ, so that Eq. (2. where the coefficients A n are related to the interatomic potential [17] . FSE can be strongly reduced by working at high wave vector transfers, typically above 30Å À1 . The expansion above has been proven to be equivalent to the Convolution Approach, in which a final state function is convoluted to the asymptotic JðyÞ to obtain Jðy; qÞ, for various systems such as solid helium [18, 19] and hydrogen-containing systems [12] . It has to be noted that for proton studies on VESUVIO, FSE corrections are generally found to be not observable beyond the first asymmetric 1=q term.
Standard data analysis on VESUVIO
On VESUVIO, the experiments are carried out using the timeof-flight technique with the detectors positioned at constant scattering angles. Neutron energy analysis is performed via resonance absorption filters placed in the secondary flight path between sample and detectors. Therefore, the final neutron velocity and energy are related by the expression E 1 ¼ mv 2 =2, where m is the neutron mass. The energy of the incident neutron is determined from a measurement of the neutron time-of-flight via the equation
where t is the measured time-of-flight, L 0 and L 1 are the lengths of the incident and the scattered flight paths of the neutron and v 0 and v 1 are the velocities of the incident and scattered neutrons. The energy transfer is
and the momentum transfer
where f is the scattering angle. The relationship between time-offlight spectra and response function is then [20] Cðt; fÞ ¼ A
where A is a constant depending on both the instrument and the sample, t is the time delay due to the moderator width, j is the actual scattering angle (whose mean value is the nominal scattering angle of the detector considered, f), Pðt; j; L 0 ; L 1 Þ is the distribution of the four aforementioned random variables, E 0;1 are the initial (final) neutron energies, FðE 0 Þ is the incoming neutron flux, ZðE 1 Þ is the detection efficiency, T Au is the transmission of the (gold) analyzer foil, q and y are also functions of the actual values of (j; E 0 ; E 1 ). However, experimental data are usually transformed into effective spectra at constant angle via the mean values of (t; j; L 0 ;
where B is another constant depending on both the instrument and the sample and M is the sample atomic mass. J ðfÞ exp ðy; qðyÞÞ is usually represented as F ðfÞ ðy; qðyÞÞ. For fixed-angle spectra, y (and then qðyÞÞ is considered as function of E 0 only, (f;Ē 1 ) being fixed parameters, and through the approximate time-of-flight equation
y and qðyÞ become function of t. Standard data analysis procedures consist of the determination of the line shape parameters of the fixed-angle experimental response functions (3.7) and, consequently, of the momentum distribution, nðpÞ. Each response function results from the contribution of the asymptotic response, or the longitudinal momentum distribution, JðyÞ, and the qðyÞ dependent additive corrections with values of qðyÞ varying across the recoil peak.
Indeed, a typical fixed-angle time-of-flight spectrum is recorded in the range 50 msptp500 ms with constant time bins of 0:5 ms, i.e., 900 time channels. We stress that this corresponds, for each of the 32 detector elements, to 900 different values of energy transfers, _o, wave vector transfers, q, and longitudinal momenta, y. In particular, in the case of light scattering masses such as hydrogen, the range of wave vector transfers extends up to approximately 600Å À1 , for scattering angles close to 901 and short time of flights. Recent alternative data analysis approaches have been envisaged, within the context of the measurements of the so-called ''intensity deficit'', making use of the Waller-Froman Jacobian of the transformation of the time-of flight data from a constant scattering angle scan, into a constant momentum transfer scan [23] [24] [25] . However, the latter implies an exact energy-wave vector dispersion relation which is valid only at the center of the recoil peak; moreover, a precise relationship between the width of the experimental response function at constant angle and at the ''equivalent'' constant-q spectra can be carried out assuming only a Gaussian momentum distribution, thus neglecting the non-Gaussian details characterizing, for example, proton momentum distribution in several hydrogencontaining systems [1] .
Kinematic range for proton momentum distribution experiments
In the case of measurements of hydrogen-containing samples, a typical experimental set up consists of 32 6 Li glass detector elements placed in the angular range 32 pfp67 .
Gold foil analyzers are used to select the final energy, whose mean value isĒ 1 ¼ 4908 meV. The corresponding kinematic (q; _o) range can be calculated from Eqs. 
Normalization of Neutron Compton Profiles
In order to compare data from different detectors, a common procedure is to calibrate each fixed-angle detector with time-offlight, thus energy, dependent calibration measurements [26] . In the case of DINS measurements, once the standard data reduction has been carried out, which includes correction for multiple scattering, absorption and scattering from heavier mass such as sample container, it is possible to relate the single detector intensities considering the following sum rules for JðyÞ [17] :
Following Eq. (2.9) it is possible to express Jðy; qÞ, at constant q, as the sum of the asymptotic part, JðyÞ, and the FSE term, DJðy; qÞ, i.e., 
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In the case of fixed-angle spectra, q varies across the recoil peak, as shown in Fig. 4 . Therefore, a proper normalization has to be accounted for, considering that the main effect is to have a 1=q term that is not constant across each of the fixed-angle spectra. For a typical detector arrangement on VESUVIO for proton studies, the fixed-angle 1=qðyÞ values are reported in Fig. 5 . A normalization of the experimental F ðfÞ ðy; qðyÞÞ can be carried out considering that the latter is the sum of an asymptotic part, corresponding constant-q terms, evaluated with q at the center of the recoil peak, i.e., qð0Þ for a sample of bulk water at 300 K. From this figure it can be noted that while the constant-q FSE term, integration range between À30 and 0Å À1 . Thus, even the limited y-range spectra can be normalized with a maximum error of 0.05%. The whole set of fixed-angle experimental Neutron Compton Profiles, F ðfÞ ðy; qðyÞÞ, can be, therefore, normalized independently of individual detector element calibration, thanks to the zeroorder sum rules outlined in Eq. (5.3). We stress that this procedure can be applied specifically for studies of line shapes of Neutron Compton Profiles. Being independent of the absolute scattering intensities, it is not suitable for studies of proton scattering crosssections.
Constant-q rebinning procedure
Constant-q spectra on inelastic time-of-flight spectrometers are usually obtained either by interpolation or by rebinning procedures. For rebinning procedures, the normalized F ðfÞ ðy; qðyÞÞ spectra provide a rectangular [y; qðyÞ] grid that has to be inspected for the choice of suitable q values. The useful range of constant-q values for the extraction of constant-q spectra can be estimated, for example, from Fig. 4 . The qðyÞ values shown are ''denser'' in the q range 30Å À1 pqp70Å À1 . The useful choice of fixed-q, therefore, lies in the above range, as shown in Fig. 11 . The q width onto which the data have to be rebinned is chosen to be larger than the q uncertainty, DqðyÞ, for each fixed-angle detector [26] . A typical qðyÞ uncertainty, for proton neutron Compton scattering, is of the order of 2:5Å À1 (half width) [27] . In Fig. 12 , the values of DqðyÞ as a function of qðyÞ for each fixed-angle detector element are reported. It can be noticed that the constant-q widths can be chosen with a value of at least Dq ¼ AE2:5Å À1 . As an example, we can consider a rectangular [y; qðyÞ] grid centered at q ¼ ð53 AE 3ÞÅ À1 , as shown in Fig. 13 . Approximately 800 data points are in the grid and contribute to produce a constant-q spectrum in the range À25Å À1 pyp25Å À1 . A blow-up in the range 5Å À1 pyp20Å À1 is reported in Fig. 14. For example, in the y bin centered at 9Å À1 , three data points can be rebinned, while in the y bin centered at 18Å À1 , four data points can be rebinned.
Therefore, for each y i bin the constant-q value of the experimental NCP can be derived as resolution functions are calculated accordingly (the distributive property of convolution being still applicable):
Examples of constant-q experimental Neutron Compton Profiles, Fðy; qÞ, together with the corresponding resolutions, Rðy; qÞ, evaluated at the following q values, ð53 AE 3Þ, ð60 AE 4Þ and ð40 AE 3ÞÅ À1 , are reported in Figs. 15-17 , respectively. The rebinning algorithm has also the option of searching the most frequent q-value in the grid, reconstructing the corresponding spectrum. In the present example of room temperature water, the most frequent q-value is ð35 AE 3ÞÅ À1 , and the corresponding constant-q spectrum is reported in Fig. 18 .
Discussion and conclusions
From Figs. 15-18 , it is possible to note that the magnitude of the error bars (and noise) of the constant-q Neutron Compton ARTICLE IN PRESS Profiles is considerably reduced, as compared to fixed-angle spectra. This has great advantages for the determination of line shape parameters, especially for the non-Gaussian components in the longitudinal momentum distribution. Although in some cases the resulting spectrum has a limited y range, for example, in the positive y tails, the negative y tails have always much smaller errors and noise as compared to fixed-angle spectra. In the case of high-q cuts, such as q ¼ 60Å À1 , the positive y tails show a very small noise as compared, for example, to the fixed-angle spectrum reported in Fig. 3 . Clearly, the high wave vector transfer data points, e.g., qX70Å À1 , are excluded from the spectra. The latter are generally affected by larger noise since, for the present experimental setup and given the primary and secondary flight path lengths, they appear in time-of-flight regions below 100 ms, where data collection is more affected by noise. We envisage that determination of line shape parameters of momentum distribution can be carried out by comparing the analysis of fixed-angle as well as constant-q data sets. This approach has been recently applied for proton momentum distribution in hydrated lysozyme [10] and in water confined in nanoporous xerogel [9] . The two approaches yielded the same momentum distribution line shape, but the constant-q data analysis provided smaller uncertainties on the line shape parameters. Moreover, a constant-q representation of DINS data is more amenable for comparison with theoretical predictions, being independent of the particular kinematic (q; o)
path of the fixed-angle detectors data.
In conclusion, a procedure to collect scattering signals from different fixed-angle detectors to obtain Neutron Compton Profiles at constant wave vector transfer, q, has been presented and applied for the case of proton Neutron Compton Profile measurements on the VESUVIO spectrometer at the ISIS pulsed neutron source. This relies on the normalization of fixed-angle Neutron Compton Profiles, that allows signals from different detectors to be compared and rebinned by specifically developed procedure. The latter involves two main approximations, whose validity has been carefully tested and assessed in numerous measurements on VESUVIO: (1) the Convolution Approximation; (2) the 1=q series expansion of the Final State Effects. This procedure can be applied specifically for studies of line shapes of Neutron Compton Profiles, being independent of the absolute scattering intensities. For possible future Deep Inelastic Neutron Scattering spectrometers, a wider solid angle coverage with improved angular resolution, which would be possible by making use of the resonant detector configuration with YAP scintillators [14, 15] , would greatly enhance capability of the method described here. Fig. 17 . Constant-q experimental Neutron Compton Profile, Fðy; qÞ (dots with error bars), together with the corresponding resolution, Rðy; qÞ, normalized to peak height (continuous line) for q ¼ ð40 AE 3ÞÅ À1 . Fig. 18 . Constant-q experimental Neutron Compton Profile, Fðy; qÞ (dots with error bars), together with the corresponding resolution, Rðy; qÞ, normalized to peak height (continuous line) for the most frequent q-value, q ¼ ð35 AE 3ÞÅ À1 .
